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PROOF OF A CONJECTURAL SUPERCONGRUENCE
XIANG-ZI MENG AND ZHI-WEI SUN*









≡ 0 (mod p3)
for any prime p > mq. This confirms a conjecture of Sun.
1. Introduction
Let p be a prime. A p-adic congruence is called a supercongruence if it
happens to hold modulo higher powers of p. A classical result due to J.










≡ 1 (mod p3).
For some recent supercongruences modulo p2 involving products of two bi-
nomial coefficients, one may consult [4] and [1].
Recently, Z.-W. Sun [5] established some new supercongruences modulo









For example, he obtained the following theorem.




















where B0, B1, B2, . . . are the well-known Bernoulli numbers.
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1
2 XIANG-ZI MENG AND ZHI-WEI SUN
In this paper we show the following result conjectured by Sun [5].
Theorem 1.2. Let m > 2 and q > 0 be integers with m even or q odd.








≡ 0 (mod p3). (1.1)
We are going to provide few lemmas in the next section, and then show
Theorem 1.2 in Section 3.
2. Some lemmas







(−1)kkm = 0 for all m = 0, 1, . . . , n− 1.
Remark 2.1. This is a well-known result, see, e.g., [6, pp. 125-126].
Lemma 2.2. Let q be a positive integer, and let p > 2q be a prime. Then,












































































So the desired (2.1) follows. 








≡ 0 (mod p) (2.2)











≡ 0 (mod p). (2.3)









with a0, . . . , ap−2 p-adic integers. It is well-known that
∑p−1
k=0 k
j ≡ 0 (mod p)



















kj ≡0 (mod p).
































































kj−2 ≡ 0 (mod p).





















≡ 0 (mod p).
This concludes the proof. 
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3. Proof of Theorem 1.2
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is (m− 1)(q− 1) < (m− 1)q <

























Therefore the desired (1.1) follows from the above. 
6 XIANG-ZI MENG AND ZHI-WEI SUN
References
[1] V.J.W. Guo and J. Zeng, Some q-analogues of supercongruences of Rodriguez-
Villegas, J. Number Theory 145 (2014), 301–316.
[2] C. Helou, G. Terjanian, On Wolstenholme’s theorem and its converse, J. Number
Theory 128 (2008), 475–499.
[3] K. Ireland, M. Rosen, A Classical Introduction to Modern Number Theory, 2nd
Edition, Grad. Texts in Math., Vol. 84, Springer, New York, 1990.
[4] Z.-W. Sun, Supercongruences involving products of two binomial coefficients, Fi-
nite Fields Appl. 22 (2013), 24–44.
[5] Z.-W. Sun, Supercongruences motivated by e, J. Number Theory 147 (2015), 326–
341.
[6] J.H. van Lint, R.M. Wilson, A Course in Combinatorics, 2nd Edition, Cambridge
Univ. Press, Cambridge, 2011.
[7] J. Wolstenholme, On certain propertities of prime numbers, Quart. J. Appl. Math.
5 (1862), 35–39.
Department of Mathematics, Nanjing University, Nanjing 210093, Peo-
ple’s Republic of China
E-mail address : xzmeng@smail.nju.edu.cn and zwsun@nju.edu.cn
